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Optimization of Low-Thrust Interplanetary Trajectories Using
Collocation and Nonlinear Programming

Sean Tang* and Bruce A. Conway"
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The method of collocation with nonlinear programming is applied to the determination of minimum-time,
low-thrust interplanetary transfer trajectories. Since the vehicle motor operates continuously, the minimum-time
trajectories are also propellant minimizing. The numerical solution method requires that the transfer be divided
into three phases: escape from the departure planet, heliocentric flight, and arrival at the destination planet.
Two-body gravitational models are used in each phase and the transformation from planetocentric coordinates to
heliocentric coordinates and vice-versa is incorporated as a set of nonlinear constraints on the problem variables.
No a priori assumptions on the optimal control time history are required. An Earth-to-Mars transfer with a very
low thrust acceleration of 0.0001 g is used as an example.

Introduction

HE subject of trajectory optimization for low-thrust vehicles

has received a great deal of attention; there is a wealth of re-
search papers on the subject of low-thrust interplanetary transfer
alone, dating from the 1960s.!~® The reason why this field has been
so popular, despite the fact that low-thrust propulsion has not yet
been used for interplanetary flight, is the dramatic advantage elec-
tric propulsion offers in payload mass fraction compared to chemical
propulsion.

The optimization of a low- (continuous-) thrust trajectory is qual-
itatively different from that of an impulsive thrust trajectory. The
latter is essentially a finite parameter optimization problem where
the times, directions, and magnitudes of the required impulses are
to be determined and in which a state transition matrix is available
to propogate the trajectory between impulses. A feasible trajectory
may then be improved, perhaps by the addition of coast arcs or ad-
ditional impulses, using, e.g., well-known methods associated with
Lawden,” Lion and Handelsman,!© or Jezewski and Rozendaal.!!

The continuous-thrust problem is more difficult to solve because
the trajectory cannot be propagated forward without numerical in-
tegration. Optimization theory applied to this continuous problem
yields a two-point boundary value problem (TPBVP). Such TPBVPs
are generally very difficult to solve. There are two basic approaches:
indirect and direct. Indirect solutions for the optimal control explic-
itly use the necessary conditions of optimality (the Euler—Lagrange
equations) and hence the system costate (or Lagrange multiplier)
variables. Among the first and best known of the indirect solution
methods are initial value, or “shooting,” methods, in which one
guesses either the initial or terminal boundary conditions, then in-
tegrates numerically forward or backward, and finally readjusts this
initial guess iteratively so that the boundary conditions at the other
end are also satisfied. These methods, however, are extremely sen-
sitive to the accuracy of the initial guess, thus making the numerical
computation for an improved guess quite difficult. The direct ap-
proach is to discretize the original problem and transform it into
a parameter optimization problem. Explicit integration of the sys-
tem differential equations is avoided. Instead, algebraic expressions
(e.g., Hermite cubic polynomials) approximate the differential equa-
tions locally, and the resulting system of nonlinear simuitaneous
equations is then solved by mathematical programming.'?~"7 This
is the method of solution that will be used in this work; it will be
described in more detail in a subsequent section.
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The customary and reasonable assumption made in determin-
ing interplanetary trajectories is that they may be constructed by
piecing together planetocentric and heliocentric trajectories that
each use two-body gravitational models.™*'® The inclusion of
the planetocentric portions of the trajectory, which normally in-
volve a many-revolution, spiral orbit, in the overall optimization
is problematic. An exact description of the planetocentric seg-
ments requires the use of generalized coordinates appropriate to
each planetary two-body problem. Thus three systems of coordi-
nates are needed for the interplanetary transfer and each set will
vary through a different range, necessitating scaling of the vari-
ables prior to the numerical optimization to prevent problems of
sensitivity. Early studies (1960s) avoided this difficuity by sim-
ply neglecting the planetocentric portions of the trajectory.!-2*¢
Another approach is to make some a priori assumptions about
the planetocentric spiral orbits, for example, assuming tangen-
tial thrusting.>® The final states of the departure spiral orbit
(or initial states for the arrival spiral) may then be determined
in an approximate way analytically as a function of the flight
time, the vehicle mass, and the performance characteristics of
its motor. Thus only the flight times for the two planetocentric por-
tions need appear as variables in the problem. The difficulty with
this assumption, as will be shown here, is that the optimal thrust an-
gle departs significantly from being tangential to the radius vector
for much of the time of flight.

That the problem remains a difficult one to solve without these a
priori assumptions about the optimal control is illustrated by a re-
cent paper by Pierson and Kluever describing an optimal low-thrust
Earth-Moon transfer'®. Remarking that “the prospect of obtaining
the minimum-fuel LEO-LLO trajectory by solving numerically a
single optimization problem seems very remote” they proceed to
solve the problem in three stages, each of which yields an ex-
tremal trajectory. The solution process in this work is qualitatively
similar, in that three separate extremals are determined for the de-
parture, heliocentric flight, and arrival trajectories. These solutions
are then pieced together to provide an initial guess, which is in
fact a feasible but suboptimal solution, for the nonlinear program-
ming problem (NLP) solver. No a priori assumptions used in gen-
erating the initial guesses need be preserved by the NLP problem
solver, except perhaps for specified initial and terminal state con-
straints, so that the final solution is indeed optimal. However, once
one solution has been obtained it is usually not necessary to gen-
erate the three separate solutions to form an initial guess. If the
“new” problem resembles one previously solved, but with mod-
est changes, e.g. in initial or terminal states, or thrust level, the
NLP problem solver can use the existing solution as the initial
guess.

An optimal transfer trajectory from geosynchronous to areosyn-
chronous (Martian-synchronous) orbit is determined as an example.
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A vehicle thrust acceleration of 0.0001 g (0.00098 m/s?) has been se-
lected as representative of current continuous low-thrust spacecraft.
For simplicity, circular and coplanar Earth and Martian orbits are
assumed, and the spacecraft mass variation as fuel is consumed is
ignored.

Governing Equations

The governing equations of motion (EOMs) are derived from
Newton’s law of gravitation and second law of motion. As previously
described, the solution to this problem is divided into three phases:
escape from the departure planet, heliocentric flight, and arrival at
the target planet. We have used the patched conic approximation
here; i.e., in each phase only one body attracts the spacecraft. The
transition from planetocentric motion to heliocentric motion (and
vice versa) is made at the sphere of influence of the planet. In polar
coordinates (x, &) the EOMs then become

F=v,

6 = (vs/r)
e)
b, = (v5/r) — (u/r*) + ar sin B

vg = —(v,ve/1) +arcos f

where u is the gravitational constant of the attracting body, 8 is the
thrust pointing angle, and ay is the thrust acceleration magnitude.
Equations (1) describe motion of the spacecraft in a plane, in this
case the ecliptic plane. We thus assume that the target planet also
lies in the ecliptic plane, which is not a bad assumption for many
of the planets to which spacecraft have been sent. For the example
of an Earth-Mars transfer described later in this work the 1.85 deg
inclination of the Martian orbit to the ecliptic may be expected to
have a negligible effect on the cost of the transfer.” A perhaps less
justifiable assumption, following from Egs. (1), is that the initial
orbit of the spacecraft about Earth and final orbit about the target
planet also lie in the ecliptic plane. This restriction will be removed
in future work but was considered reasonable here in our first attempt
at generating an optimal interplanetary trajectory.

For reasons of sensitivity it is necessary that the EOMs be ex-
pressed in local variables for each of the three phases. Thus coordi-
nate transformations are necessary at the boundary of two phases to
provide initial conditions for the integration of Egs. (1). For example,
assuming that the spacecraft is departing Earth, transformation from
geocentric polar coordinates (and corresponding velocities) to helio-
centric polar coordinates is done when the spacecraft reaches Earth’s
sphere of influence. This is illustrated in Fig. 1. Transformation from
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Fig. 1 Transformation from geocentric to heliocentric polar coordi-
nates.

Aries

Fig.2 Transformation from heliocentric to Mars-centered polar coor-
dinates.

the coordinates and velocities (r, 8, v,, vg) to (R, v, vg, v,) may be
accomplished using the equations'®

Rcosa = agcos(@ — ) +r

Rsina = ag sin(@ — ¢)

vy, cosa(l + tan? o) = agd cos(6 — ¢) + vy 2)

+apdsin@ — ¢) tana + v, tan o

vgcosa = agdsin(@ — @) + v, — v, sina

where a a is the semimajor axis of Earth’s orbit, & = § —¢—y, and
¢ is the angular velocity of Earth in orbit about the sun. Equations (2)
may be solved algebraically for R and y, but the resulting equations
involve arctangents and prove to be less satisfactory as equations of
constraint than the equations above, as will be described in the next
section.

A similar transformation is required from the heliocentric polar
coordinates and velocities to planetocentric polar coordinates and
velocities when the spacecraft reaches the sphere of influence of the
target planet. This is illustrated in Fig. 2 for the case in which the
arrival planet is Mars. Transformation from the heliocentric coor-
dinates and velocities (R, y, vg, v,) to the corresponding planeto-
centric quantities (p, 8, v,, vs) is governed by the equations®

0 = Rsinw — a,, sin(d — )

o= Rcosw —a, cos(8 — ¥)
3

Vs = U, COS® — Vg Sinw — Am W cOS(8 — V)

Vp = Vg COS @ + v, SiNw — @ sin(s — ¥)

where a,, is the semimajor axis of the Martian orbit about the sun,
o =8 —¢ —y, and ¥ is the instantaneous angular velocity of Mars
in its orbit about the sun.

After the first transformation of variables (as the spacecraft leaves
Earth’s sphere of influence) the system governing equations remain
Eqgs. (1) but with r replaced by R and 8 replaced by y. The grav-
itational constant must of course be replaced by that of the sun.
Normalized variables are used in each phase; e.g., for the geocen-
tric motion the unit of distance is chosen to be the Earth radius and
the unit of time is such that 27 time units represent the period of
an Earth orbit at Earth’s surface. For the heliocentric motion the
distance unit becomes 1 AU and 2x time units equal one Earth
year. Similar normalized units are used for the planetocentric mo-
tion within the sphere of influence of the target planet. For each of
the three phases of flight the gravitational constant p will be unity
expressed in terms of these normalized distance and time units.
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The coordinate transformations (2, 3) have been simplified con-
siderably by the assumption that the orbits about the sun of the plan-
ets of departure and destination are circular. For some solar system
interplanetary transfers this assumption would be entirely reason-
able. For the Earth-to-Mars trajectory used as an example in a later
section this assumption is not especially good. The trajectory ob-
tained may however be considered a compromise between the most
favorable and least favorable transfers having the same initial angle
by which Mars leads Earth at departure.” It would be straightforward
to modify the coordinate transformations to accommodate elliptical
planetary orbits.

Method of Solution

As described in the previous sections, the interplanetary trajec-
tory is constructed from three two-body problems with coordinate
transformations at the boundaries between planetocentric and helio-
centric orbits. Initial conditions and terminal conditions are thus de-
scribed using functions of different sets of generalized coordinates;
the equations of motion change as the attracting center changes from
one body to another. Necessary conditions for optimality for such
a system with discontinuities in the state variables at interior points
are given in Bryson and Ho.?" An algorithm for the solution of such
a problem using an indirect method such as “shooting” would face
considerably more difficulty (than would already exist for a prob-
lem without such discontinuities) since the shooting would need to
be done between each pair of neighboring boundary/interior points,
from additional unspecified boundary/interior initial/final values of
the costate or state variables. This approach was not considered
likely to be successful.

The method of solution chosen here is a direct method utilizing
collocation and nonlinear programming (DCNLP). It is described
in a paper by Hargraves and Paris'* and forms the basis of their
program, OTIS, for the optimization of atmospheric vehicle trajec-
tories. The method is based on a collocation scheme developed by
Russell and Shampine!? for solving boundary value problems us-
ing piecewise polynomials. Dickmanns and Well'® also described
a solution method using Hermite polynomials and collocation, but
their work explicitly retains the Lagrange multipliers of the prob-
lem and requires explicit satisfaction of the boundary conditions on
these multipliers as well as the system transversality condition; the
principal contribution of the Hargraves and Paris'* paper is to show
that problems can be solved robustly without explicitly including
the Lagrange multipliers. Conway and his students have had success
applying the DCNLP method to the solution of a variety of optimal
space trajectory problems.' 172

Since a thorough description of the DCNLP method is available
elsewhere,'* 141517 it will be described very succintly here. How-
ever, techniques required to adapt this specific problem to the DC-
NLP structure, particularly those required for the piecing together of
planetocentric and heliocentric trajectories, will be described com-
pletely. The optimal control problem is first discretized into a se-
quence of stages or events E;. Given the vehicle parameters (e.g.,
constant thrust magnitude), the control history () and the times
that define the duration of important events or phases are chosen to
minimize the cost function:

J = ¢[x(E), u(E), E] “

where E is a vector of event time variables, x is the vector of state
variables, and u is the vector of control variables. Within each stage,
the state variables must satisfy the system governing Egs. (1), which
may be compactly written as

X=fC,u,t) %)

Inthe direct collocation method applied in this work, the state time
histories are discretized into N time segments, as shown in Fig. 3.
The vector x consists of n(N + 1) parameters; the discrete values of
all # state variables at N + 1 segment boundaries (termed “nodes”).
At each node, the current values of the discrete states and the values
of the discrete controls from the vector u can be used to evaluate
Egs. (5);i.e., the slope of the function x; (£) may be determined for all
n states at each segment boundary. Within each segment, knowledge
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Fig.3 Discretization of state variable histories.
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Fig. 4 Formation of nonlinear “defect” equations.

of the states at each boundary and state derivatives at each boundary
is used to determine unique cubic polynomials to span the segment.
These piecewise cubics will approximate the state histories; the
contro] histories are represented linearly.

To satisfy the differential equations at the center of each segment,
Hermite interpolation is used to evaluate the states x, and their
corresponding time derivatives x, at the segment midpoint, as shown
in Fig. 4. The differences between the interpolated representation
and that derived from the differential equations, X¢c — f (xc, uc, tc),
for each state variable in each segment constitute a set of nonlinear
“defect” equations. These defects become some of the nonlinear
constraints of the nonlinear programming (NL\;P) problem; if they
can be driven to zero as the NLP problem solver selects the discrete
values of the state and control variables (i.e., x and u), then each
cubic polynomial is accurately representing the system differential
Eqgs. (1) at the left and right boundaries of the segment and its center.

Collecting all the independent variables into a single vector P
defined as

T T
P =[Z"E] ©
where
T _ (4T T T T T T
4 —(xl:"l’xz’”z!-~~st+17uN+1)

and similarly collecting all the nonlinear constraints into the vec-
tor CT, an optimal control problem can then be restated as a NLP
problem of the form:

Minimize
(P
Subject to
P
bp< 3 AP ; <by
cp)

where AP contains all the linear constraints of the stated problem
and b; and by are the lower and upper bounds on the variables
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and constraints. The linear and nonlinear constraints have upper
and lower bounds that are both zero, i.e., they are represented by
equalities.

The NLP code used for this work is NZSOL, an improved version
of the NPSOL program used by Hargraves and Paris.'*?* Subrou-
tines coded in FORTRAN-77 were also used to evaluate the objec-
tive function and its gradient as well as the constraints and their
Jacobian, which were then supplied to the NZSOL program along
with an initial guess via the main program. These programs were
then executed on a Convex C240 computer.

In this work, time segments of equal length are used within each
of the transfer phases. For efficient representation, more segments
are devoted to the Earth departure phase (EDP) and the Mars arrival
phase (MAP) than to the heliocentric phase (HP) of flight. In both
the departure and arrival phases, the long spiral trajectories required
a large number of cubic polynomials to accurately represent the
states. In contrast, fewer segments are necessary in the HP because,
when expressed in HP units, the variations in the states are relatively
small.

In addition, for each of the coordinate transformations, a time
segment of zero length is defined at the interface of the adjacent
phases. Then states at the left node represent the final state values
of the previous phase whereas those at the right represent the initial
state values of the next phase. The states at the left node are then
converted to those at the right via the transformation equations,
e.g., Egs. (3) for the EDP-to-HP coordinate transformation. These
equations relating the states at the interface are nonlinear. They are
thus included in the problem [through the vector C(P)] as additional
nonlinear constraints.

The requirement of performing the coordinate transformations at
the respective planets’ sphere of influence is satisfied by fixing the
state variables corresponding to the final distance from Earth in the
departure phase (r) and the initial distance from Mars in the arrival
phase (p) to be the respective sphere-of-influence distances. Initial
and terminal orbits and orbital velocities are also specified in this
manner, e.g., in this problem the initial orbit is geosynchronous and
the terminal orbit is Martian synchronous.

In the largest problem solved, the EDP and MAP are each divided
into 80 segments whereas the HP is divided into 20 segments. The
total number of variablesis 918 [183 nodes x (4 states+-1 control)+
t, + 1, + 3], the 1; being the durations of each of the three phases of
flight, (EDP, HP, and MAP), and the total number of constraints is
728 (720 defects + 4 for the ECT + 4 for the MCT). The execution
time for this routine is about 5 h on the Convex C240.

An initial guess of the solution (for all the state and control vari-
ables at all the discrete times) must be provided to the NLP problem
solver NZSOL. Due to the size of the complete EDP + HP + MAP
problem, attempts at starting these problems with linear guesses
have been unsuccessful. Therefore, simpler problems such as in-
dividual EDP, HP, or MAP problems are first solved using linear
guesses and physically reasonable objective functions. The objec-
tive function in the EDP and HP problems is the final orbit energy,
and the transfer time is fixed. In the MAP problem, transfer time is
open and the objective is to minimize this transfer time. Separate
programs are used to perform the ECT and MCT. Thus the final states
of one phase are used as the initial states for the next phase. The
solutions from these three single-phase problems are then pieced to-
gether and used as the initial guess for the complete problem. Note
that these separate solutions together constitute a feasible, but not
minimum-time, solution for the complete problem. The single-phase
EDP and MAP solutions each using 80 segments required about 1 h
of execution time whereas the HP solution of 20 segments took only
about 10 min, in comparison to the 5 h mentioned above as being
required for the solution of the complete (182-segment) problem.

As the size of the problem increases, the likelihood of failure to
converge to an optimal solution also increases. For large problems,
NZSOL would occasionally fail to converge even when a feasible
solution was given as its initial guess. Therefore, whenever possible,
the routine was first executed with a reasonably small but adequate
number of segments. Then the solution from this run was interpo-
lated and provided as the initial guess for a more accurate run using
more segments.

Results

As an example, the minimum-time transfer from geosynchronous
orbit (a circular orbit at approximately 6.6 Earth radii) to areosyn-
chronous orbit (circular orbit at approximately 6.0 Martian radii)
was obtained assuming a constant thrust acceleration of 0.0001
g (9.8 x 107* m/s?) and assuming a launch date on which Mars
leads Earth by 0.9666 rad. Figure 5 shows the trajectory of the
EDP near Earth. The thrust angle during the EDP, measured with
respect to the local horizontal, i.e., the normal to the radius vector,
is shown in Fig. 6. The spacecraft reaches Earth’s sphere of influ-
ence after 33.08 days. Note that for the latter half of this 33-day
escape the thrust angle becomes quite large, so that the assumption
of tangential thrust used by earlier researchers®® is not accurate.
The eccentricity of the Earth departure orbit is shown in Fig. 7.
The orbit has become hyperbolic, i.e., the spacecraft has escaped
Earth, after approximately 28 days. The HP of flight and the ini-
tial positions of Earth and Mars are shown in Fig. 8. During the
HP, lasting 169.78 days, the thrust angle changes dramatically, as
shown in Fig. 9. For much of the latter part of the HP the thrust is
used to reduce the heliocentric velocity. This is to allow the space-
craft to be captured into orbit about Mars despite having a motor
capable of only a very small thrust acceleration. The eccentricity
of the heliocentric orbit, shown in Fig. 10, becomes very small as
the spacecraft arrives at Mars for the same reason, to yield only a
small difference between the absolute velocities of the spacecraft
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Table 1 Total transfer time as a function
thrust acceleration magnitude

Acceleration, milli-g Flight time, days

0.098 229.15

0.099 224.37

0.100 222.14

0.105 218.18

0.110 214.51
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Fig.10 Orbit eccentricity during heliocentric flight.

and Mars. The semimajor axis of the heliocentric orbit is shown in
Fig. 11.

The MAP trajectory near Mars is shown in Fig. 12. From arrival
at the Martian sphere of influence to areosynchronous orbit 19.28
days are required, for a total minimum flight time of 222.14 days.
For approximately the first 7 of the 19.28 days of the MAP the
spacecraft is still on a hyperbolic trajectory with respect to Mars,
as shown in Fig. 13. The thrust angle during the MAP is essentially
retrograde, as shown in Fig. 14.
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Fig. 11 Semimajor axis history during heliocentric flight.
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The minimum-flight-time trajectories have been obtained for a
number of different launch dates, i.e., for a number of different
angles by which Mars leads Earth at launch. The result is shown in
Fig. 15; there is asignificant variation in flight time, as expected. The
minimum (217.6 days) over all of the launch geometries considered
is likely to be only a local minimum since such a small range of
initial angular separations of the two planets was considered.

The original example described above in which Mars leads Earth
at launch by 0.9666 rad was run with a number of different thrust
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acceleration magnitudes. Total minimum transfer time as a function
of thrust acceleration is shown in Table 1.

Unlike many other optimal control problems solved using this
method, the solution here is unfortunately not very robust. This
prevented us from including the launch date (i.e., launch geometry)
as a variable to be optimized.

The lack of robustness is probably due to the fact that this is
a very ambitious problem considering the capability of the NLP
solver. Our example Earth—Mars transfer had 918 NLP variables and
728 constraints, all but a few of which were nonlinear equations. A
“large” problem, as defined by the developer of the NLP problem-
solving program NZSOL, is one of 800 variables, so the problem
solved here is at the boundary of feasibility. An additional problem is
that even with normalization of variables in each of the three phases
into which the problem is divided the variables change over a large
range. This is most acute for the departure and arrival trajectories.

These problems may be substantially alleviated by changing the
type of “defect” used as a NLP problem constraint to ensure the sat-
isfaction of the system differential equations. Enright and Conway!”
and Scheel and Conway?!?2 have shown that the size of the problem
may be significantly reduced by using parallel shooting and Runge-
Kutta defects. The advantage of this approach is that it retains the
original discretization of the control variables, so that control is
kept reasonably continuous, but effectively uses a much coarser
discretization for the state variables, so that there are many fewer
of them. Since there are typically many more state variables than
control variables in a given problem, e.g., in this problem there are
four states and one control, the size of the NLP problem can be
significantly reduced.

Another possible approach to reducing the size of the NLP prob-
lem while retaining the same solution accuracy is based on the
work of Herman and Conway.?* In this work Jacobi polynomials
of higher degree than the third-degree Hermite polynomials used
in the Hargraves—Paris collocation method!* are used to represent
the state variable histories in each “segment,” implicitly yielding
integration rules of higher order and thus smaller integration error.
The number of segments used and thus the number of discrete state
variables used may be significantly reduced without decreasing the
solution accuracy. It is likely that one or the other of these two ap-
proaches will be required to solve this orbit transfer problem for the
noncoplanar case, which requires significantly more state variables
and an additional (thrust pointing angle) control variable. This will
be the subject of future research.

Conclusions

This work demonstrates that the method of direct collocation with
nonlinear programming may be successfully applied to the problem
of optimization of very low thrust interplanetary transfers, including
the departure and arrival phases of flight, with no a priori assump-
tions regarding the form of the optimal control history. The problem
has been simplified by assuming that the spacecraft is always in
the ecliptic plane, that the planetary orbits about the sun are cir-
cular, and that the spacecraft mass does not change. However, all
three of these simplifying assumptions could be removed without
significant change to the way in which the problem is solved. Us-
ing the collocation solution method, it is straightforward to change

the objective function so that the method described here will apply
equally well to finding minimum-fuel trajectories for power-limited
vehicles as opposed to the constant-thrust vehicle used in this ex-
ample Earth-Mars trajectory. The example trajectory shows that a
commonly used simplifying assumption, of tangential thrust during
the planetary departure and arrival orbits, is not valid.
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